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A =B'2/4B,
B =) 3[F(r)1(t) +G0)}/?, C=1,

in which F, G, and 7 are arbitrary functions of
their argument. We have in this case

-8n(T}=T3=T3)=-(7/1}+5%/7. 1)

(20)

T;=0,

The pressure is uniform through space, though
time -dependent. Expression (21) for the pressure
is invariant for any homographic transformation
of 7 with constant coefficients

~_at+b
Teer+d” (22)

For 7=t the solution (20) reduces to the OS solu-
tion; therefore, the OS solution can be obtained
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take for G/F a continuous function which is con-
stant over a number of nonoverlapping domains of
7, we will have joined several Friedmannian re-
gions in the most easy way. We may take for de-
finiteness F(r)=73/% (which fixes the meaning of
the radial coordinate) and write P=G/F=Gr™3/?
so that

B=r*#2/31(t)+P(r)]*/®, A=B'*/4B, (28)
where

P is a constant P, for 7,<7r <7,,

P is a function of » for 7, <7 <7,, (29)

P is a constant P, for r,<r<7,.

The continuous function P in the interval 7, <7 <7,

for the more general choice of is to be such that®

at+b
T—cf+d ’ (23)

where a, b, ¢, and d are constants. The calculated
density for the solution (20) is

P(r,)=P,, P(r;)=P,, P'(r,)=P'(ry)=0. (30)

The metric defined by (28) and (29) describes two
Friedmannian regions (the first and last regions)

_as e a3 - e

,.

|‘

i .

|
|
F
1

y

‘

e~

er

1

v
N N

4

=

Ul

-




4 TIME-DEPENDENT SOLUTIONS OF EINSTEIN’S EQUATIONS 2953

a prerequisite in comoving coordinates; see Appendix A). The second solution corresponds to the follow-

ing line element:

2_
ds®= 1,

from which we calculate

Zu dr?-v*{a+C, sinh[(2¢c/a)*/?t] + C, cosh[(2¢c/a)*/2t]}dQ? + crdt? (34)

(35)

T3=0,

b= L a+C,-C? _3u

= 2a{a +C, sinh[(2¢/a)*"*t] + C, cosh[(2¢c/a)*/2t]} 2
1 2,02 C2

87p= = a+l, =4y

" Lnlomaesb[(20/0) 72412

)3

so that
p=p+3u/8w. (36)

For C,=C, =0 the solution is static and can be
smoothly joined to Schwarzschild’s exterior solu-
tion with a coordinate radius

R =(3u)"/?

and a total mass

m=5(3u)/2. (37

For C,= -C, the solution is time-dependent and
tends asymptotically to the static solution as ¢
tends to infinity. For C,=C, the solution is time-
dependent and starts asymptotically from the static
solution.

In order to avoid a singularity in the metric, as
well as in the density and in the pressure at a fi-
nite time, we must have

C,>lcyl. (38)

The time-dependent solutions do not oscillate about
the equilibrium position. However, it cannot be
deduced from this that the static solution is un-
stable; in fact, none of the time-dependent solu-
tions can be imbedded in a vacuum (p =0 has no
time-dependent solution for 7; see Appendix A).
The stability of the static solution must be judged
from the behavior of perturbations compatible with
the embedding in vacuum.

For a® +C,*~C,*=0 we have a solution charac-
terized by homogeneous pressure and density and
by the relation p+p =0. The solution, however, is
different from De Sitter’s solution, which has one
more characteristic, namely, that of being isotro-
pic at every point in comoving coordinates.

The solution (34) becomes oscillatory if we re-
place a by —a. However, in this case we must
also have r?4>1. If we consider the shell of mat-
ter within the coardinate radii ». and ». enrh that

r

r,>7,>u"" %, we then have a shell of matter oscil -
lating under the action of forces applied at the
boundary surfaces » =7, and » =7,. The value of
the forces may be deduced from the expression of
p for the corresponding values of ».

The two solutions of this paragraph have with
Friedmann’s solution the following characteristic:
They are the only solutions representing a perfect
fluid which, in comoving coordinates, correspond
to expressions for A, B, and C which are products
of a function of » by a function of £. Friedmann’s
solution has one more characteristic, namely, dC/
dr =0.

1/2

APPENDIX A: THE JUNCTION OF A COMOVING
SOLUTION WITH A SCHWARZSCHILD
EXTERIOR SOLUTION

The junction conditions are®

ATi—Z—?AT‘}:O, (A1)
AT:—%AT:‘,:O, A2)

where 7 =R(?) is the equation of motion of the juuc-
tion surface. For a vacuum T =0, while for a co-
moving perfect fluid T}=—p and Ti=p so that (Al)
and (A2) may be written in our case

-p=0, (A3)
d
£p=0. (Ad)

Equations (A3) and (A4) can be satisfied in two
ways:

(1) plR(#),t]=0, p[R(?),t]=0, i.e., by finding a
function » = R(¢) for which p and p become zero.

(2) By finding a constant », such that for R=7,
we have p(R, #)=0.

The first way is impossible for most equations

nf ctata
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APPENDIX B: DERIVATION OF SOLUTIONS
OF THE EQUATION T g =0

The relevant equation is®

LEIBOVITZ 4

in which k and Ry are arbitrary functions of » while
g and Ty are arbitrary functions of ¢ (x and v being
arbitrary constants).

If we write f=g(¢)h(r), we may write the solution

-w 7] ’2 ’ ’2 ’ ) ' as follows:
e Yo" +o? 2" +p = p'w' =o' w' + p'o’) )
uIZ B' d’r
+e @0+ B - b -20- 0"~ 2 + 4*)=0. A= exp 2B{f: ,
(B1)
B=RT, (B8)

As a first step we look for the class of solutions
in which each of A=¢“, B=e", and C=¢° is a pro- vf? B2fdt
duct of a function of time by a function of ». In C= B ¢ 2B%f -

this case u’, w’, ¢’ are functions of » only while
In (B8) B and f are restricted to be each one a

&, w, & are functions of ¢ only. ' "
Writing with the evident notation A =R, T}, product of a function of » by a function of £.

B=RyTgy, and C=R,T., Eq. (B1) becomes equiva-
lent to two ordinary differential equations:

APPENDIX C: DERIVATION OF THE GENERALIZATION

R OF THE OS SOLUTION
—C (20.11 +O"2 +2IJ-” +“12_ “.lwl__alwl +#/0/)=a
R, The OS line element is given by
(B2)
and ds?= -Ady*-B(d&® + sin®0dy?) +dt? (C1)
T 2
2Af. S S w9 2 Qi e2)_ B! d\/Fz
To(@0+ 6= bl =26- 0" -2~ 4*) = —a,  (B3) a-2-- (?;_) , (C2)
) where ¢ is an ar:bitrgrv constant. . -/

———————
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4 TIME-DEPENDENT SOLUTIONS OF EINSTEIN’S EQUATIONS 2955

B=[#(#)]2/3[Fr)r(t)+ G(r)]*/°. (C9)

APPENDIX D: CHARACTERIZING FRIEDMANN’S
SOLUTION

We intend to show that the following statement
is true: A spherically symmetric metric with cos-
mological time representing a comoving perfect
fluid is a Friedmannian metric if B=R(r)T(¢); R
and T being functions of their arguments and B
being the metric coefficient occurring in

ds?= —Adr?®- B(d6® + sin®6dy?) +dt? . (D1)
The comoving condition as given by Tolman'® is

A=(B"?/4B)f(r) (D2)
and may be written with B=R(»)T(¢),

A=Tgr). (D3)

The equation T}=T2Z gives, in terms of T, R, and
their derivatives,

1 1 R’ 2_ 1 Rn 1 gIRI
“RT " 2Tg (R) - * (D4)

the solution of which is

RIZ

= — = . 5
8= R+ ok’ (a = constant) (D5)

Now, R(r) may be chosen arbitrarily, if neces-
sary, by a transformation » =#(¥), ¢ =7 which does
not alter the comoving character of the line ele-
ment; moreover, Eq. (D5) is covariant relative
to such a transformation. Let us therefore take
R =7?%; we obtain

1

- D6
&g 1+%ar® ’ (D6)

so that we can write
2 ar? 2 s 20712 2
ds?= -T| —1—= +72(d6® + sin®6dy? | +dt?, (D7)
l+zar

which is one of the forms of Friedmann’s solution.

We may also state: A spherically symmetric
element with cosmological time representing a
perfect fluid is a Friedmannian metric if B=R,T
and A=R,T in an obvious notation.

It is easy to check that in this case T;=T%=0,
and therefore, this second statement reduces to
the preceding one.
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