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If we choose the a’s and the &’s so that every 4c¢; is a
whole number, all the integrations can be performed,
and we obtain solutions expressed in terms of known
functions.

However, we are interested in finding conditions for
the choice of ¢ so that the resulting solutions will be
physically meaningful. We shall do this in three differ-
ent ways and shall establish conditions on o so as to
obtain (a) physically meaningful solutions with finite
pressure at the center, (b) a mapping of Newtonian
solutions, and (c) solutions with infinite pressure at the
center that may be used in the problem of collapse.

Conditions for Physical Solutions with
Finite Pressure at Center

From the three equations (3), (5), and (6) we can
eliminate 4 and C to obtain

8r7%(—2p%p+4pp 2+ 2pp's' —2ppp" — 24*p"")
+3(8m)r2p (ot p)*+1[6p"—2p" (o-+p)+ 240
—8m (o) (p+3p)1—4p'(p+p)=0. (12)

It is known” that in the static case and for the metric
(1) the pressure is a decreasing function of ; therefore,
the maximum of the pressure is at the origin; if an
infinity of the pressure is to be avoided it therefore is
enough to have finite pressure at the origin. We shall
now prove the following results:

Result I. If the origin is a regular point for p and p,
then at the origin we must have po'=0.

If the origin is a regular point for p and p, they can
be expanded in a Taylor series. Introducing these
series into Eq. (12) and setting =0, we obtain

—4pd (potp0)=0,

so that we must have p'=0.

Result I1. If the origin is a regular point for p and p
as functions of 7, then p and p must be even func-
tions of 7.

The proof of this result is given in the Appendix.

Result ITI. If the origin is a regular point for p(7)
and if A~ behaves there as ar™ with n7%—1, then we
must have at the origin 4 =ev=1.

From (5) we may write

8mr2p+ (41— 1)— A'r/42=0.

Assuming that A~ behaves like ar” for small 7, we have
at the origin for finite p

(n+1)ar~—1=0,

so that #=0 and ¢=1, that is to say, 4 (0)=1.
Result IV. If the origin is a regular point for p, then
A is an even function of 7.

(13)
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7B. Harrison, K. Thorne, M. Wakano, and J. Wheeler, Gravi-
tational Theory and Gravitational Collapse (The University of
Chicago Press, Chicago, 1965), p. 21.
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The result is evident upon inspecting Eq. (5) and
taking result IT into account.

Result V. If the origin is a regular point for p and p,
we must have

b= — (&) (oot p0) (0-30) . (15)

Let us introduce in (12) the Taylor expansion of e
and p in terms of even powers of 7 (result II), and let
us set equal to zero the coefficient of 7 in the resulting
equation; we obtain

—2p¢""— (pot+p0)8 (pot+3po) —4pd” =0,

which leads to the result.

What is remarkable about this result is that it is
independent of the equation of state.

Result VI.1f p and p are regular at the origin and if
A~ does not behave there as 71, then o and therefore
C=e¢° admit a Taylor expansion around the origin in
even powers of 7.

We have from (3)

o'=ABnpr+1/r)—1/7.

Introducing the Taylor expansion of p and 4 in even
powers of 7 (results IT and V) and taking IIT into
account, we obtain for ¢’ a Taylor expansion in odd
powers of 7, the integral of which is a Taylor series in
even powers of 7.

Now, let us write the equation of state in the form

(16)

p=pota(p—po)+b(p—po*+---, a7

and expand p, p, 4, and ¢ around the origin:
p="1po—72(potp0)87 (po+3po)*+dr*+---, (18)
A=1+tur*+tor4wrd- - -, (19)
p=pot frit+grithrtt-- - (20)
B L of 7o SR (21)

Introducing these expressions into (6), (3), and (5),
we obtain

7=4%m(po+3p0) , (22)

u=238mpy/3," (23)
S po—3 240k

> po—3po (24)

T3 okt ot b ot 300
We may therefore write for o
o=aot+4m(pot3po)r*+(87)
% (pot10) (po+3p0) (5 po—3po
240 \3 potpo

—a>1'4—l—0 %). (25)

We therefore have the following indications on o:

(1) ¢ is an even function of 7.
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(2) The constant oo is of course arbitrary and is
changed by a rescaling of time.

(3) The coefficient of 72 in (21) must be positive
(7>0).

(4) The choice of the coefficient 7 of 72 determines
the value of po+3pe. The knowledge of o cannot
determine po and po independently. Concerning this
last point, we have from (8) [and taking (19) and (23)
into consideration] that

72X (r)
7Y (r)+const X2 3

8‘l"Po

Pt

(26)

where 72X (r) and 72V (r) tend to a constant different
from O for »=0. The constant in 4 is therefore given by

— (8mpo/3)[r*X (7) Jr=o. @7

It is therefore clear that the value of the constant in 4
ffacte tha walua of o

Tn _chaort _tho bnawlados of
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around the origin we have dpo/dp>1 and po> po2>0, is
that o admit a Taylor expansion

o=aot jrthrit -

in even powers of 7, and that 7 and % satisfy the
inequalities
7>0 and k<72 (34)

—or equivalently, that C admit a Taylor expansion

C=m(4nr+gr*+--) (35)
in even powers of » with
n>0 and ¢<En2. (36)

Let us apply result VII on the different exact solu-
tions mentioned in Tolman’s article.!
Solution I is that of Einstein’s universe. We have

B fad - - 0 T~ 2N

determines the solution up to an arbitrary constant in
A ; this allows for an arbitrary determination of po;
the solution is therefore completely determined by
giving o and po.

However, once o (and therefore 7) is given, po must
be restricted in its values for physical reasons; we have
from (22)

po= (37/4m)—3po. (28)
We will therefore impose on po the inequalities
37/167< po< 35/4, (29)
which correspond to the physical inequalities
o2 P02 0. (30)

We shall impose also the condition (dp/dp)e>1, i.e.
[from (17) and (24)],
240k

5<Po—3;f)o> o1
3\ potpo/  (8m)(potp0) (po+3p0) a

Using (22), this may be expressed in terms of j and %
so that we have

Sk/ (w7)< (8/3)po— (35/2).

For a given j this inequality is the easier to satisfy
when po takes its greatest value, which according to
(29) is 37/4x. In this case we still have to satisfy

@31

(32)

This solution does not, therefore, comply with the condi-
tions (34) or (36) of result VII (hereafter referred to
simply as “our conditions”). It is known that for this
solution p+3p=0, unless we use the cosmological
constant.

Solution II is that of Schwarzschild and de Sitter;
we have in this case

e"=const(1—2M /r—7*/R?). 37

If M50, the solution does not respect our conditions
which state that e” is to have a Taylor expansion
around the origin. In fact, in such a case 4~ behaves
like »~! at the origin. We have excluded this case in
establishing result III. (We have therefore excluded the
case of a point mass at the origin.)

The case M =0 gives n=—1/R? and ¢=0, which
again contradict our conditions. In fact, we have in
this case de Sitter’s universe, for which p+4p=0.

Solution IIT is the Schwarzschild interior solution.
We have in this case

e’=[A—B(1—7r*/R)\2, (38)
from which we write
AB—2B2 ¢*

b + o(r). (39
R2(A—B) I4(A—-—B)2.]_€;+ (7’) ( )

c=21n(4—B)+

The condition 7>0 here reads 4/B>1, and the

1% 1 o 94N L oA ATD 4N/













1670 CLEMENT LEIBOVITZ 185

for a solution of satisfies (A3) and has vanishing derivative at x=0,

Ty x)=0, (A3) hence y(—x)=1y(x) because of uniqueness.
. i From this theorem we deduce the truth of result II.
then for this solution we have Alook at Eq. (12) supplemented by p= f(p) shows that
y(—x)=y(x). (A4) the left side of the Eq. satisfies (Al); now, result I

states that $'(0)=0 and therefore the solution p(r) of

The proof consists in the remark that x — y(—x) also  (12) is an even function of 7.
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A classical Lorentz-covariant generalization of the nonrelativistic theory of a free, stationary, symmetric
top is developed. The resulting relativistic theory predicts a physical mass which is a monotonically in-
creasing function of spin asymptotically approaching a linear relation in the limit of large spin. The theory

is free of spacelike solutions.

I. INTRODUCTION

'HE notion that the elementary-particle resonances
may be excited rotational states is not new. It has
led to the investigation of the rotational levels of com-
posite systems and to the study of relativistic wave
equations based on various rotator models.! Perhaps the
most detailed study of the applicability of rotational
states to the elementary particles is due to Corben.? His
analysis is based on the model of a symmetric top. It is
in the spirit of Corben’s approach, that a properly
formulated quantum theory of a relativistic rotator is
founded on a properly formulated classical theory of
that same rotator, that we undertake the present
analysis. Some of the introductory material has ap-
peared in the literature; it is reiterated, in Secs. I and
IT, for the sake of coherence. The rest of the analysis and
the emerging rotator theory differ in content from
previous formulations. ‘

We develop a classical Lorentz covariant generaliza-
tion of the free, nonrelativistic, symmetric top and
discuss those features of the relativistic theory which
indicate its relevance to the elementary particles. We
focus especially on the two important features: (a) the

* Work sponsored in part by the Office of Naval Research.

T Permanent address: Queens College of the City University of
New York, Flushing, New York 11367.
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predicted relation between the physical mass and spin
of the rotator, and (b) the question of spacelike solu-
tions.> These two crucial aspects prove to be directly
related in our formulation, for the condition which
ensures that the physical mass increase monotonically
with spin also rules out the possibility of spacelike
four-momenta.

Our present purpose is only to indicate the relevance
of the model of the symmetric top to a discussion of the
elementary particles. Therefore, in the nonrelativistic
theory, we make the relatively simple choice of collinear
spin angular momentum S and angular velocity . Thus
the rotational kinetic energy in the nonrelativistic

theory is T=1S-0 = S5%/2I, 1)

where I is the moment of inertia about the axis of
rotation.* The energy-spin relation (1) forms the basis
for a highly successful quantum theory of the rotational
levels of symmetric molecules and heavy symmetric
nuclei.’ This quantum theory follows almost trivially
by merely replacing the classical spin variable S by #J,
where J is the spin operator in units of #. Equation (1)
then gives the energy eigenvalues for states of well-
defined angular momentum with the continuous classi-
cal variable S? replaced by the discrete values 727 (j+1).
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